The list coloring problem is a variation of the classical vertex coloring problem, extensively studied in recent years, where each vertex has a restricted list of allowed colors, and having some variations as the (γ, µ)-coloring, where the color lists have sequential values with known lower and upper bounds. This work discusses the choosability property, that consists in determining the least number k for which it has a proper list coloring no matter how one assigns a list of k colors to each vertex. This is a Π P 2 -complete problem, however, we show that k-(γ, µ)-choosability is an N P -problem due to its relation with the k-coloring of a graph and application of methods of proof in choosability for some classes of graphs, such as complete bipartite graph, which is 3-choosable, but 2-(γ, µ)-choosable.
Introduction
Let G = (V, E) be a simple graph, where V is the set of vertices and E is the set of edges. A k-coloring of G is an assignment of colors {1, 2, . . . , k} to the vertices of G such that no two adjacent vertices share the same color. A bipartite graph is a graph whose vertices can be divided into two disjoint and independent sets W and V such that every edge connects a vertex in W to one in V . An outerplanar graph is a graph that has a planar drawing for which all vertices belong to the outer face of the drawing [5] . The chromatic number χ G of a graph is the minimum value of k for which G is k-colorable. The classic graph coloring problem, which consists in finding the chromatic number of a graph, is one of the most important combinatorial optimization problems and it is known to be N P -complete. There are several versions of this classic vertex coloring problem, involving additional constraints, in both edges as vertices of the graph. One of them is the list coloring problem, where given a graph G there is an associated set L(v) of allowed color lists for each vertex of v ∈ V (G). If it is possible to get a proper coloring of G with these color lists, then we have a list coloring of G. It was introduced by Paul Erdös et al in 1979 [2] , and independently by Vizing in 1976 [20] . The list coloring problem also has its variations, among them the µ-coloring and the (γ, µ)-coloring, introduced by Bonomo et al. [3, 4, 8] . Give a graph G and a function γ, µ : Table 1 we present brief comparative results from the literature in computational complexity of coloring problems for some graph classes. We study algorithms in choosability in graphs (in Section 2) and we studied the correlation between the choosability in graphs and (γ, µ)-coloring, thus being k-(γ, µ)-choosable. We show that k-(γ, µ)-choosable for bipartite graphs and outerplanar graphs (in Section 3) and further, we show that a graph with a k-coloring has a k-(γ, µ)-choosable, which strengthens the results.
Graph classes
k-coloring µ-coloring (γ, µ)-coloring List coloring General NP-C [9] NP-C [3] NP-C [4] NP-C [7] Bipartite P [4] NP-C [3] NP-C [4] NP-C [16] Split P [11] NP-C [4] NP-C [4] NP-C [4] Interval P [12] NP-C [4] NP-C [4] NP-C [4] Line of Kn P [15] NP-C [4] NP-C [4] NP-C [16] Line of Kn,n P [15] NP-C [4] NP-C [4] NP-C [4] Cographs P [12] P [3] open NP-C [14] Kn,n P [4] P [3] P [4] NP-C [4] Blocks P [4] P [4] P [4] P [4]
Algorithms for choosability in graphs
Given a graph G and a set L(v) of colors for each vertex v, a list of allowed colors, a list coloring of G is a choice function that maps every vertex v to a color in the list L(v). As with vertex coloring problem, a list coloring is generally assumed to be proper, meaning no two adjacent vertices receive the same color. Thus, a graph is k-choosable (or k-list-colorable) if it has a proper list coloring no matter how one assigns a list of k colors to each vertex. The choice number (or list chromatic number), denoted by χ (G), is the least number k such that G is k-choosable. A more general case is the f -choosability. Given a function f of assigning a positive integer f (v) to each vertex v, a graph G = (V, E) is fchoosable (or f -list-colorable) if it has a list coloring no matter how one assigns a list of f (v) colors to each vertex v. A particular case happens when f (v) = k, for all vertices v ∈ V (G), when f -choosability corresponds to k-choosability.
Computational complexity for the k-choosability
The k-choosability of a graph G is one of the few problems known to be Π P 2 -complete and this gives the fact that there is an exponential number of possible color lists with arbitrary and not necessarily consecutive values, of certain size (details of Π P 2 -complete in [9] ). Thus, to determine the k-choosability, we have to generate all possible instances with lists of size k, that is, to check for each possible distribution of color lists of size k to the vertices, an arrangement with repetition. If for a given instance of size k of color lists, there is no solution, then, we repeat the process for color lists of size k + 1 until the property is satisfied. The aim is to determine the smallest k for which we have a list coloring for all possible instances. An algorithm for k-choosable enumerates all color lists of size k to check if the graph is colorable for all these lists. The solutions are formed by the color lists, taken n by n, with repeated elements (see Algorithm 1).
The previous algorithm uses another algorithm for list coloring problem because it needs to check in each solution whether they have a valid color list (see Algorithm 2). The algorithm is exponential time, that is, it checks in a graph G with lists of colors assigned to its vertices all the possibilities of having a coloration. If not, the algorithm will attempt this check with the next set of color lists until there are no more sets to be tested. Thus, this process is a for all lists "there exists" a feasible solution, which configures the case of a Π P 2 -complete problem. 
Additional results applying methods of proof in choosability in graphs
The work of Woodall [22] presents a survey with the main methods of choosability in graphs. These proof methods can be divided into methods that involve digraphs (Alon Tarsi method and kernel's method) and do not involve digraphs (degeneracy in graphs, the method of Hall's theorem and boundary method). The method of Alon and Tarsi was introduced by Alon and Tarsi [1] . The authors using the polynomial graph technique in their proofs. This method is used by Alon and Tarsi to prove that every planar bipartite graph is 3-choosable. The kernel's method was introduced by Galvin [10] .
The method of degeneracy in graphs is used in some cases of choosability. A graph G is called k-degenerate if every subgraph H of G contains a vertex with degree (in H) at most k. This method is used to show that every planar graph is 6-choosable and every triangle-free planar graph are 4-choosable [17] . The method of Hall's theorem [13] of the theorem on systems of distinct representatives. This method is used to show that the complete k-partite graph K 2,2,...,2 is k-choosable [2] . Let S be a family of finite sets S 1 , S 2 , . . . , S m , a system of distinct representatives is a set x 1 , x 2 , . . . , x m such that x i ∈ S i , ∀i where x i = x j , ∀i = j. A family of sets S 1 , S 2 , . . . , S m system has a different representatives if and only if for any subset I ⊆ {1, 2, . . . , m} condition is true
The boundary method [19] , define the boundary to comprise those uncolored vertices of G that are adjacent to colored vertices. This method was introduced in Thomassen's famous article [19] and was used to show that any planar graph is 5-choosable. For more results of choosability in planar graphs see [4, 18, 23] .
The k-(γ, µ)-choosability
We correlate k-choosability with (γ, µ)- Proof. Let G = K 1 . This graph has no edges and is trivially outerplanar and 3-(γ,µ)-choosable. Assuming that every outerplanar graph with n vertices is 3-(γ,µ)-choosable, it will be shown that the coloring list is also valid for an outerplanar graph G n+1 with n + 1 vertices and with a distribution of color lists in its vertices of type (γ,µ) of size 3. There exists a vertex v ∈ G n+1 with degree up to maximum 2. Removing this vertex, we have a subgraph G n with n vertices [5] . Since G n+1 can be drawn with its vertices in the form of a cycle with chord without crosses, the subgraph can also be drawn in this way. This implies that G n has a color list with lists of type (γ,µ) of size 3. Color the vertices of G n+1 with 3 or more colors. Since the vertices adjacent to vertex v of degree at maximum 2 are already colored, consider two cases: Case one: The vertex v has degree one. In this case, the vertex v receives a color from the list of colors and the adjacent vertex receives another color. Since the list color has size three, one color will remain. Case two: The vertex v has degree two. The vertex v will receive a third color from its list of that is different from its adjacent ones. And so the demonstration is valid.
For the next theorem, Hall's method will be applied. To show that a complete bipartite graph is 2-(γ,µ)-choosable, let's first show two cases: when the subgraph of a bipartite graph has equal lists color among its partitions and when all the lists color are different.
Lemma 3.1. Consider the complete bipartite graph K n,n = G[V, W ] for n ≥ 1 with partitions V = {v 1 , . . . , v n },W = {w 1 , . . . , w n } and a distribution lists
. . , n. Then with these lists, K n,n is 2-(γ, µ)-listcolorable.
Proof. Consider a K n,n graph where the color lists of type (γ, µ) that occur in one partition also occur in the other partition, see Figure 1 . For n = 1, the graph K 1,1 has two vertices v 1 and w 1 and L(v 1 ) = L(w 1 ) = {1, 2}. Suppose now that the theorem holds for K n,n , where n ≥ 1 and then holds for K n+1,n+1 . Without loss of generality, assume that the lists L(vi) = γ i ; γ i+1 are distributed at the vertices such that γ 1 < γ 2 < . . . < γ n+1 . Consider the complete subgraph of K n,n obtained by the vertices v 1 , v 2 , . . . , v n and w 1 , w 2 , . . . , w n . By induction hypothesis there is a list coloration for this K n,n . Coloring is missing vertices v n+1 and w n+1 . In the worst case γ n+1 = γ n +1 since γ n < γ n+1 and the lists are in sequence. In this case, if γ n+1 = γ n +1, without loss of generality, assume that color chosen for the vertex v n was γ n and for the vertex w n was γ n + 1. Then the vertex v n+1 will be colored with the color γ n+1 + 1 and the vertex w n+1 with the color γ n+1 . Lemma 3.2. Consider the complete bipartite graph K n,n = G[V, W ] for n ≥ 1 with partitions V = {v 1 , . . . , v n },W = {w 1 , . . . , w n } and a distribution lists (γ, µ) of size 2, L(v) for all v ∈ K n,n such that L(v i ) = L(w j ) for all i, j = 1, . . . , n. Then with these lists, K n,n is 2-(γ, µ)-list-colorable.
Proof. Consider in partition V only the different lists S 1 , S 2 , . . . , S r and in partition W only the different lists S r+1 , S r+2 , . . . , S r+t . Thus, we have to S i = S j , for i = j, and since they are lists (γ, µ) of size 2, the intersection of any two of these lists have at most one element.
. . . Thus, these S i sets fulfill Hall's theorem and thus we obtain elements different c i ∈ S i , with c i = c j . Then we color a vertex v ∈ Kn, n with the color c i if L(v) = Si, and thus we have a color list of Kn, n.
Proof. Let G = K n,n a complete bipartite graph with partitions V = {v 1 , v 2 , . . . , v n } e W = {w 1 , w 2 , . . . , w n }, for n ≥ 1. Consider a distribution of lists of colors of type (γ, µ) if size 2, L(v) for every vertex v de G. Let us choose the color lists that appear while the vertices of the two partitions V e W . Clearly some of these lists may appear in more than one vertex in each partition, but will take just a list representative in her case appear more than once in the same partition. Thus, consider the sets S 1 , S 2 , . . . , S r (r ≤ n), which are the lists that occur while vertices of V and W , and how we choose only one representative in the event of repetition in the partition, we have S i = S j , for i = j. If r = 0 ,the graph G satisfies the hypotheses of Lemma 1 and so we have a list coloring of G. If r ≥ 1 can form a complete subgraph K r,r with these color lists S 1 , S 2 , . . . , S r and a vertex for each representative. This K r,r graph G satisfies the hypotheses of Lemma 3.2 and so we have a list coloring of K r,r .
A stronger proof in k-(γ,µ)-choosable will be presented, which involves the more general coloring of graphs.
Proof. When we do the division of any integer m by k, we get the rest of the division r, such that r ∈ {0, 1, 2, . . . , k − 1}. Besides this division partitions the integers into k distinct sets. Consider A 0 = {n ∈ Z| the remainder of dividing n by k is 0 }, A 1 = {n ∈ Z|the rest of the division of n by k is 1 }, A 2 = {n ∈ Z|the rest of the division of n by k is 2 } . . ., A k−1 = {n ∈ Z|the rest of the division of n by k is k − 1 }. These sets two by two dijuntos,
Another important fact is that any given sequence of k consecutive integers x, x + 1, x + 2, . . . , x + k − 1, there exists exactly one of these elements contained in each of the sets A i . That is, one of these elements leaves a remainder i in the division by k for i = 0, 1, 2, . . . k − 1. The choosability in graphs is a Π P 2 -complete problem [2] , however, we saw in the previous theorem that k-(γ, µ)-choosability is an N P -problem due to its relation with the k-coloring.
Conclusions
A (γ, µ)-coloring is a graph coloring problem that has been studied frequently in recent years. It has a real-world application in an interesting and well-studied way: the channel assignment problems [6] . The correlation between (γ,µ)-coloring and choosability in graphs was very interesting because in this case, the choosability stopped being Π P 2 -complete to be N P -complete. The use of methods of proof used for choosability in some classes of graphs is interesting in the sense of presenting the diversity of forms of solutions to this problem. The goal is to continue working with (γ, µ)-coloring on other forms of complexity. Table 4 Table 2 : Some results in graph coloring, choosability and k-(γ, µ)-choosability obtained in this work.
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